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ABSTRACT
We calculate small amplitude gravitational and thermal tides of uniformly rotating
hot Jupiters composed of a nearly isentropic convective core and a geometrically thin
radiative envelope. We treat the fluid in the convective core as a viscous fluid and solve
linearized Navier Stokes equations to obtain tidal responses of the core, assuming that
the Ekman number Ek is a constant parameter. In the radiative envelope, we take
account of the effects of radiative dissipations on the responses. The properties of tidal
responses depend on thermal timescales τ∗ in the envelope and Ekman number Ek in
the core and on weather the forcing frequency ω is in the inertial range or not, where
the inertial range is defined by |ω| 6 2Ω for the rotation frequency Ω. If Ek & 10−7,
the viscous dissipation in the core is dominating the thermal contributions in the
envelope for τ∗ & 1 day. If Ek . 10
−7, however, the viscous dissipation is comparable
to or smaller than the thermal contributions and the envelope plays an important
role to determine the tidal torques. If the forcing is in the inertial range, frequency
resonance of the tidal forcing with core inertial modes significantly affects the tidal
torques, producing numerous resonance peaks of the torque. Depending on the sign
of the torque in the peaks, we suggest that there exist cases in which the resonance
with core inertial modes hampers the process of synchronization between the spin and
orbital motion of the planets.
Key words: hydrodynamics - waves - stars: rotation - stars: oscillations - planet
-star interactions
1 INTRODUCTION
Hot Jupiters are giant gas planets with orbital periods of a few days and most of them have relatively small eccentricities of
the orbits (e.g., Udry & Santos 2007). Because of their proximity to the host stars, tides on the planets (and the stars) are
believed to play important roles both in the processes of their formation and in determining their observed properties.
Origins of hot Jupiters, however, are not necessarily well understood (e.g., Dawson & Johnson 2018; Stevenson 1982).
Some scenarios proposed for the origins assume the existence of epochs in which the tidal effects become crucial. In high-
eccentricity tidal migration scenario, for example, dissipative tidal interactions between the planets and stars are essential to
the evolution of the orbits. Assuming that the hot Jupiter HD80606b was produced through high-eccentricity tidal migration,
Wu & Murray (2003) numerically followed the orbit evolution of a Jovian planet around the hosting star in the binary system
of stars, where they employed the formulation by Eggleton, Kiseleva, & Hut (1998) and Eggleton & Kiseleva-Eggleton (2001),
which takes account of tidal frictions between the planets and stars. See, e.g., Ogilvie (2014) for a review of tides in stars and
planets.
Many hot Jupiters are known to have radii larger than those of Jovian planets orbiting far from the host stars (e.g.,
Dawson & Johnson 2018; Jermyn et al 2017). Calculating cooling evolution of Jovian planets, Baraffe et al (2003) suggested
that additional heating sources in the interior could be effective to inflate the radii of hot Jupiters. Several authors have
examined as such heating sources tidal mechanisms, that is, (gravitational) tidal heating (e.g., Bodenheimer et al 2001) and
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thermal tides (e.g., Arras & Socrates 2010; Socrates 2013, Auclair-Desrotour & Leconte 2018). See also, e.g., Jermyn et al
(2017) and Lee (2019) for other possibilities.
To understand the effects of the tides on hot Jupiters and their orbital evolution, however, we need to know the amount of
dissipations caused by the tides in their interiors. The amount of tidal dissipations is sometimes parametrized by introducing
the tidal quality factor Q, which is however difficult to theoretically determine because of lack of our knowledge of the thermal
properties of the matter in the planet interior and of how convective fluids respond to the tidal forcing. Tidal responses of
the planets and stars may depend on their structure, dissipation mechanisms in the interior, their rotation rates, the forcing
frequency, and so on. There are cases in which the Q value is observationally determined. For example, the Q value for Jupiter
is estimated to be order of ∼ 105 from observations of the satellite Io orbiting the planet (e.g., Goldreich & Soter 1966).
Giant gas planets are in general composed of a geometrically thin radiative envelope and a convective core with or without
a central solid region (e.g., Guillot et al 2004; Guillot 2005). The responses of convective fluids in the core to the tidal forces
are difficult to model theoretically. Fluid motions in the convective core may be affected by rotation rates of the planets (e.g.,
Stevenson 1979). The tidal responses of the convective fluids may also depend on the forcing frequency (e.g., Zahn 1966, 1989;
Goldreich & Keeley 1977). A way to model tidal responses of the convective fluids may be to treat the fluids in the convective
core as viscous fluids with effective viscosities due to turbulent convection based on the mixing length theory. For example, to
compute tidal responses of non-rotating solar type stars with the convective envelope, Terquem et al (1998) solved linearized
equations of motion with a viscous term for the envelope where the turbulent viscosity coefficient is assumed to depend on
the ratio of the convective timescale to the tidal forcing period (see, e.g., Xion, Cheng & Deng 1997). Note that they took
account of the effects of radiative dissipation on the responses. For uniformly rotating solar type stars, Savonije & Witte
(2002) (see also Savonije & Papaloizou 1997) computed non-adiabatic tidal responses taking account of viscous dissipation
in the envelope, where they employed the traditional approximation to describe the oscillations of rotating stars (e.g., Lee &
Saio 1987, 1997). For Jovian planets, Ogilvie & Lin (2004) computed inertial modes of rotating convective planets with a solid
core treating the convective fluid as a viscous fluid, where the convective interior is assumed to be nearly isentropic. They
investigated the properties of tidal responses taking account of viscous dissipation caused by the inertial modes and of energy
leakages by traveling low frequency g-modes, where the Ekman number was assumed a constant parameter for the viscosity
coefficient. Focusing on inertial modes, Wu (2005) also studied the properties of tidal dissipations in uniformly rotating giant
planet and gave an estimation to the tidal Q factor, where the viscosity coefficient similar to that used by Terquem et al (1998)
was employed. Although no solid core was assumed at the centre, Wu (2005) derived similar conclusions to those by Ogilvie
& Lin (2004). To investigate dynamical tides in fully convective planets, Papaloizou & Ivanov (2010) carried out numerical
simulations of close encounters between a rotating Jovian planet and a central star, assuming the convective fluids as viscous
fluids with a constant kinetic viscosity coefficient. Papaloizou & Ivanov (2010) suggested that the total energy exchanged
during the encounter does not strongly depend on the existence of a solid core in the convective interior.
Thermal tides in hot Jupiters were discussed by Arras & Socrates (2010), Auclair-Desrotour & Leconte (2018), and Lee
& Murakami (2019) as a mechanism that keeps the rotation of hot Jupiters asynchronous to the orbital motion so that
tidal heatings in the interior can be operative to inflate the radii of the planets. Arras & Socrates (2010), for non-rotating
hot Jupiters, computed tidal responses to semi-diurnal insolation of the hosting star. Auclair-Desrotour & Leconte (2018)
computed for uniformly rotating hot Jupiters non-adiabatic responses using the traditional approximation to describe the
responses in rotating planets. They showed that depending on the tidal forcing periods the tides can produce the torques
which keep the spin of the planet asynchronous to the orbital motion. Lee & Murakami (2019) revisited the problem of thermal
tides in uniformly rotating Jovian planets, without using the traditional approximation, and they computed non-adiabatic
tidal responses, assuming that the convective core has an almost isentropic structure so that the core supports propagation of
inertial modes. Lee & Murakami (2019) confirmed most of the results obtained by Auclair-Desrotour & Leconte (2018), but
they also showed that thermal tides can excite low order inertial modes in the convective core and r-modes in the envelope,
which could modify the behavior of the tidal torques.
In this paper, treating the convective fluids in the core of hot Jupiters as viscous fluids, we compute small amplitude
gravitational and thermal tides in uniformly rotating Jovian planets for simple hot Jupiter models composed of a thin radiative
envelope and a nearly isentropic convective core. This paper is an extension of Lee & Murakami (2019) to the case in which
the core convective fluids are treated as viscous fluids. For the forcing terms, we consider both gravitational tidal potential and
semi-diurnal insolation due to the central star. As dissipation mechanisms responsible for tidal torques in the planet interior,
we consider radiative dissipation in the envelope and viscous dissipation in the convective core where we assume the Ekman
number as a constant parameter to derive viscous coefficient necessary to compute viscous dissipations in the core (Ogilvie
& Lin 2004). §2 is for numerical method used in this paper, and §3 gives numerical results. Conclusions will be given in §4.
The Appendices describe the derivation of the oscillation equations solved for the convective core and the expression used to
calculate viscous energy dissipation rates.
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2 METHOD OF SOLUTION
We calculate small amplitude gravitational and thermal tides of uniformly rotating hot Jupiters, composed of a thin radiative
envelope and a convective core (see, e.g., Arras & Socrates 2010; Auclair-Desrotour & Leconte 2018; Lee & Murakami 2019),
taking account of viscous dissipations in the core and radiative dissipations in the envelope. We linearize the basic equations
for the fluid dynamics to describe small amplitude tidal responses.
2.1 Equations for the Viscous Core
2.1.1 Basic Equations for viscous fluids
Regarding convective fluids in the core as viscous fluids with turbulent viscosity, we use linearized Navier-Stokes equation.
The basic equations governing viscous fluids in a uniformly rotating planet driven by the tidal potential ΦT due to the host
star are given in the co-rotating frame of the planet by (e.g., Landau & Lifshitz 1987)
ρ
(
dv
dt
+ 2Ω× v
)
= −∇p− ρ∇Φ− ρ∇ΦT +∇ · σ, (1)
∂ρ
∂t
+∇ · (ρv) = 0, (2)
ρT
ds
dt
= ρǫ−∇ · F +
∑
i,j
σij
∂vi
∂xj
, (3)
where v is the velocity vector of the fluid, σ = (σij) is the symmetric viscous stress tensor, p is the pressure, ρ is the mass
density, T is the temperature, s is the specific entropy, F is the energy flux vector, Φ is the gravitational potential, and ǫ is
the energy generation rate per gram. We ignore rotational deformation of the planet for simplicity. The angular velocity of
rotation Ω is assumed constant and is along the z-axis. Using the shear and bulk viscosity coefficients η and ζ, we may write
the stress tensor σij as (e.g., Landau & Lifshitz 1987)
σij = ζ (∇ · v) δij + 2η
(
eij −
1
3
δij∇ · v
)
, (4)
where
eij =
1
2
(
∂vj
∂xi
+
∂vi
∂xj
)
, (5)
and δij is the Kronecker symbol. The components of the stress tensor in spherical polar coordinates (r, θ, φ), whose origin is
at the centre of the planet, are given by
σrr =
(
ζ −
2
3
η
)
∇ · v + 2η
∂vr
∂r
, (6)
σθθ =
(
ζ −
2
3
η
)
∇ · v + 2η
(
1
r
∂vθ
∂θ
+
vr
r
)
, (7)
σφφ =
(
ζ −
2
3
η
)
∇ · v + 2η
(
1
r sin θ
∂vφ
∂φ
+
vr
r
+
vθ cot θ
r
)
, (8)
σrθ = η
(
1
r
∂vr
∂θ
+ r
∂
∂r
vθ
r
)
, (9)
σrφ = η
(
1
r sin θ
∂vr
∂φ
+ r
∂
∂r
vφ
r
)
, (10)
σθφ = η
(
1
r sin θ
∂vθ
∂φ
+
sin θ
r
∂
∂θ
vφ
sin θ
)
. (11)
2.1.2 Perturbed Basic Equations
Regarding the tidal potential ΦT as a small amplitude perturbation, we obtain, for small amplitude tidal responses, a set of
perturbed basic equations, which are
∂v′
∂t
+ 2Ω × v′ = −
1
ρ
∇p′ −
ρ′
ρ
∇Φ−∇ΦT +
1
ρ
∇ · σ′, (12)
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∂ρ′
∂t
+∇ ·
(
ρv′
)
= 0, (13)
ρT
∂
∂t
δs = (ρǫ)′ −∇ · F ′, (14)
where the prime (′) and δ indicate the Eulerian and Lagrangian perturbations, respectively, and we have employed the
Cowling approximation, in which the Eulerian perturbation Φ′ of the gravitational potential and the perturbed Poisson
equation are ignored. Note that for uniform rotation the viscous term (σij∂vi/∂xj)
′ is the second order in the perturbation
amplitudes and does not appear in the first order perturbed entropy equation. Since we ignore rotational deformation of the
equilibrium structure, the planets are assumed to be spherical symmetric and the hydrostatic equation is simply given by
dp/dr = −ρdΦ/dr.
We treat the tidal potential and insolation due to the host star as small amplitude perturbations. Assuming the rotation
axis of the planet is perpendicular to the orbital plane, the tidal potential ΦT (r) = −GM∗/|r − a∗(t)| in the planet due to
the host star with the mass M∗ may be expanded as (e.g., Press & Teukolsky 1977)
ΦT (r) = −GM∗
∑
lm
Wlm
rl
a∗(t)l+1
e−imEY ml (θ, φ) ≡
∑
lm
Φ
(lm)
T , (15)
where G is the gravitational constant, Y ml is the spherical harmonic function, a∗(t) is the position vector to the host star,
a∗(t) = |a∗(t)|, E is the true anomaly, and
Wlm = (−1)
(l+m)/2
[
4π
2l + 1
(l −m)!(l +m)!
]1/2
[
2l
(
l −m
2
)
!
(
l +m
2
)
!
] =Wl,−m, (16)
which has non-zero values for even integers of l − m. Note that the tidal potential ΦT does not contain the dipole terms
associated with l = 1. Assuming that the eccentricity e of the orbit is small so that E ≈ Ωorbt, and taking only the dominant
tidal component with l = −m = 2, the tidal potential ΦT in an inertial frame may be given by
Φ
(2,−2)
T = −
√
3π
10
GM∗
a3∗
r2Y −22 (θ, φ)e
2iΩorbt ≡ Φ(2)T Y
−2
2 (θ, φ)e
2iΩorbt, (17)
where W2,−2 =
√
3π/10 and Ωorb =
√
G(M∗ +M)/a3∗ with M being the mass of the planet is the mean angular velocity of
the orbital motion. When the planet is uniformly rotating at the angular velocity Ω, the forcing frequency ω in the co-rotating
frame of the planet may be given by ω = 2Ωorb +mΩ = 2(Ωorb − Ω) for m = −2.
Thermal tides are caused by insolation by the host star, which produces the day and night sides on the planet and is
given by (e.g., Auclair-Desrotour & Leconte 2018)
ǫ′ =
{
J∗(r, θ, φ, t) = κ∗F∗e
−p(r)/p∗ cosφ∗ for 0 6 φ∗ 6 π/2
J∗(r, θ, φ, t) = 0 for π/2 6 φ∗ 6 π,
(18)
where φ∗ is the zenith angle of the host star as observed from the planet and is given by cos φ∗ = sin θ cos(φ − E), and
F∗ = σSBT
4
∗ (R∗/r∗)
2, κ∗ = g0/p∗, g0 = GM/R
2, and T∗ and R∗ are respectively the surface temperature and radius of the
host star, p∗ and κ∗ are the pressure and the opacity at the base of the heated layer in the planet, and r∗ is the distance
between the planet and the host star, set equal to the semi-major axis a∗ of the orbit. In the co-rotating frame of the planet,
we may expand J∗ in terms of spherical harmonic function as
J∗(r, θ, φ, t) =
∑
n,l,m
J(nlm)∗ (r)Y
m
l (θ, φ)e
iωnmt, (19)
where ωnm = nΩorb + mΩ and nΩorb represents the forcing frequency in an inertial frame. If we take only the component
with n = −m = 2, for which ω2,−2 = 2(Ωorb − Ω), we obtain
ǫ′ = J(2,2,−2)∗ Y
−2
2 (θ, φ)e
iωt =
1
16
√
15π
2
κ∗F∗e
−p(r)/p∗Y −22 (θ, φ)e
iωt, (20)
where ω = ω2,−2.
The time dependence of the responses to the tidal forcing with the forcing frequency ω in the co-rotating frame of the
planet may be given by the factor eiωt. For uniformly rotating planets, we have
v
′ = iωξ, (21)
where ξ is the displacement vector given by ξ = ξrer + ξθeθ + ξφeφ in the spherical polar coordinates, and er, eθ, and eφ are
c© 2015 RAS, MNRAS 000, 000–000
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the orthonormal vectors in the r, θ, and φ directions, respectively. The perturbed equation of motion is given by
−ω2ξ + 2iωΩ× ξ = −
1
ρ
∇p′ −
ρ′
ρ
∇Φ−∇ΦT +
1
ρ
∇ · σ′, (22)
and linearization of the continuity equation (13) and the entropy equation (14) leads respectively to
ρ′ +∇ · (ρξ) = 0, (23)
and
iωρTδs = (ρǫ)′ −∇ · F ′. (24)
The equation of state p = p(ρ, s) is perturbed to be
ρ′
ρ
= −rA
ξr
r
+
1
Γ1
p′
p
− αT
δs
cp
, (25)
where cp is the specific heat at constant pressure, Γ1 = (∂ ln p/∂ ln ρ)ad, αT = − (∂ ln ρ/∂ lnT )p, and
rA =
d ln ρ
d ln r
−
1
Γ1
d ln p
d ln r
. (26)
For the perturbed entropy equation (24), we employ the approximation used by Auclair-Desrotour & Leconte (2018), who
assumed Newtonian cooling in the envelope. The second term on the right-hand-side of equation (24) may be approximately
given by
∇ · F ′ ∼ ωDρcpT
T ′
T
= ωDρcpT
(
δs
cp
+∇ad
δp
p
+∇V
ξr
r
)
, (27)
where V = −d ln p/d ln r, ∇ = d lnT/d ln p, ∇ad = (d lnT/d ln p)ad, and
ωD =
4π
τ∗
[(
p
p∗
)1/2
+
(
p
p∗
)2]−1
, (28)
where τ∗ is the timescale parameter to specify the efficiency of radiative cooling in the envelope, and we use p∗ = 10
6dyn/cm2
(see Auclair-Desrotour & Leconte 2018; Iro et al 2005). The entropy perturbation δs is then given by
δs
cp
=
1
iω + ωD
(ρǫ)′
ρTcp
−
ωD
iω + ωD
[
∇adV
(
p′l
ρgr
−
ξr
r
)
+∇V
ξr
r
]
. (29)
The density perturbation is now rewritten as
ρ′
ρ
= (−rA− β1)
ξr
r
+
(
V
Γ1
+ β2
)
p′
ρgr
−
αT
iω + ωD
ǫ′
Tcp
, (30)
where
β1 =
αT (∇ad −∇)V
iω/ωD + 1
, β2 =
αT∇adV
iω/ωD + 1
, (31)
and we have used ρ′ǫ = 0 since no insolation is assumed in equilibrium state.
2.1.3 Oscillation Equations for Viscous Fluids
Since separation of variables is not possible for the perturbations in rotating stars, assuming that the equilibrium state is
axisymmetric about the rotation axis, we use finite series expansions in terms of spherical harmonic functions Y ml (θ, φ) with
different ls for a given m. The three components of the displacement vector ξ(x, t) are given by
ξr = r
jmax∑
j=1
Slj (r)Y
m
lj
(θ, φ)eiωt, (32)
ξθ = r
jmax∑
j=1
[
Hlj (r)
∂
∂θ
Y mlj (θ, φ) + Tl′j (r)
1
sin θ
∂
∂φ
Y ml′
j
(θ, φ)
]
eiωt, (33)
ξφ = r
jmax∑
j=1
[
Hlj (r)
1
sin θ
∂
∂φ
Y mlj (θ, φ)− Tl′j (r)
∂
∂θ
Y ml′
j
(θ, φ)
]
eiωt, (34)
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and the Eulerian pressure perturbation, p′(x, t), is given by
p′ =
jmax∑
j=1
p′lj (r)Y
m
lj (θ, φ) e
iωt, (35)
where lj = 2(j − 1) + |m| and l
′
j = lj + 1 for even modes, and lj = 2j − 1 + |m| and l
′
j = lj − 1 for odd modes for
j = 1 , 2 , 3 · · · , jmax (e.g., Lee & Saio 1986). Since the angular dependence of the tidal forces is given by Y
m
l (θ, φ) with
l = −m = 2, the tidally forced oscillations have even parity such that lj = 2j and l
′
j = lj + 1 for the expansion coefficients.
Substituting the expansions as given by equations (32) to (35) into the perturbed basic equations, we obtain a set of linear
ordinary differential equations for the expansion coefficients with the forcing terms due to the tidal potential and insolation
from the host star. Defining the dependent variables zj for j = 1 to 6 as
z1 = (Sl) , z2 = (z2,l) , z3 = (Hl) , z4 =
(
α1
(
r
∂
∂r
Hl + Sl
))
, z5 = (iTl′) , z6 = α1r
∂
∂r
y5, (36)
where z2,l is defined by equation (A7), and introducing
ψ = (Φ
(l)
T ), Z2 = z2 +
ψ
gr
, j∗ =
(
J
(l)
∗
Tcp
)
, (37)
where non-zero Φ
(l)
T and J
(l)
∗ ≡ J
(2,l,m)
∗ occur only for l = 2, we obtain the oscillation equations for rotating viscous planets:
r
∂z1
∂r
=
(
1 + i
α2 + 4α1/3
Γˆ1
)−1 [(
V
Γˆ1
− 3− 3i
α2
Γˆ1
)
z1 −
V
Γˆ1
Z2 +
(
1 + i
α2 − 2α1/3
Γˆ1
)
Λ0z3 +
V
Γˆ1
ψ
gr
+
αT
iω + ωD
j∗
]
, (38)
r
∂Z2
∂r
=
(
c1ω¯
2 + rA+ β1
)
z1 + (1− U − rA− β2)Z2 − 2mc1ω¯Ω¯z3 − 2c1ω¯Ω¯C0z5 + (rA+ β2)
ψ
gr
+
αT
iω + ωD
j∗
−i
[(
α2 + 4α1/3
Γˆ1
− 4
α1
V
)
r
∂z1
∂r
+
3α2
Γˆ1
z1 −
(
α2 − 2α1/3
Γˆ1
+ 2
α1
V
)
Λ0z3 +
1
V
Λ0z4
]
, (39)
r
∂z3
∂r
= −z1 +
1
α1
z4, (40)
r
∂z4
∂r
= −2α1 (I− Λ0) z3 + (V − 3) z4 + 2α1r
∂z1
∂r
+ iV c1ω¯
2
(
L0z3 −M1z5 −mqΛ
−1
0 z1 −
Z2
c1ω¯2
)
+ iV
ψ
gr
, (41)
r
∂z5
∂r
=
1
α1
z6, (42)
r
∂z6
∂r
= −α1 (2I− Λ1) z5 + (V − 3) z6+iV c1ω¯
2 (L1z5 −M0z3 + qKz1) , (43)
where c1 = (r/R)
3/(Mr/M), U = d lnMr/d ln r, and
ω¯ =
ω
σ0
, Ω¯ =
Ω
σ0
, σ0 =
√
GM
R3
, q =
2Ω
ω
, (44)
α1 =
ωη
p
, α2 =
ωζ
p
,
1
Γˆ1
=
1
Γ1
+
β2
V
, (45)
and I is the unit matrix and the non-zero elements of the matrices Λ0, Λ1, L0, L1, M0, M1, K, and C0 for even modes with
lj = 2(j − 1) + |m| and l
′
j = lj + 1 for j = 1, 2, , · · · , jmax are given by
(Λ0)j,j = lj(lj + 1), (Λ1)j,j = l
′
j(l
′
j + 1), (L0)j,j = 1−
mq
lj(lj + 1)
, (L1)j,j = 1−
mq
l′j(l
′
j + 1)
, (46)
(M0)j,j = q
lj
lj + 1
Jmlj+1, (M0)j,j+1 = q
lj + 3
lj + 2
Jmlj+2, (M1)j,j = q
lj + 2
lj + 1
Jmlj+1, (M1)j+1,j = q
lj + 1
lj + 2
Jmlj+2, (47)
(K)j,j =
Jmlj+1
lj + 1
, (K)j,j+1 = −
Jmlj+2
lj + 2
, (C0)j,j = −(lj + 2)J
m
lj+1, (C0)j+1,j = (lj + 1)J
m
lj+2, (48)
where Jml =
√
(l2 −m2)/(4l2 − 1) for l > |m| and Jml = 0 otherwise (e.g., Lee & Saio 1990).
In this paper, we ignore the bulk viscosity and set ζ = 0 and hence α2 = 0 for simplicity. For rotating planets, we may
define the Ekman number Ek as
Ek =
ν
2|Ω|R2
, (49)
c© 2015 RAS, MNRAS 000, 000–000
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where ν = η/ρ is the kinematic viscosity, R is the radius of the planet. Assuming that the Ekman number Ek is a constant
parameter, we obtain
ν = 2|Ω|R2Ek, α1 = 2c1ω¯|Ω¯|
V
x2
Ek, (50)
where x = r/R.
Using the numbers given in Table 3.4 by Guillot et al (2004) for physical quantities in Jupiter, we find the microscopic
viscosity ν ∼ 10−2cm2/s, which leads to an Ekman number Ek ∼ 10−17. If we use turbulent viscosity in the convective core
νturb ∼ lmvturb, instead of the microscopic viscosity ν, from the same table we find the mean free path lm ∼ Hp ∼ 3× 10
9cm
and the turbulent velocity vturb ∼ vconv ∼ 3 cm/s, where Hp is the pressure scale height and vconv the turbulent velocity of
convective fluid elements, and hence Ek ∼ 10−7, which we use in this paper as a typical value of the Ekman number in the
convective core of hot Jupiters.
2.2 Equations for the radiative envelope
The oscillation equations solved in the radiative envelope are the same as those given by Lee & Murakami (2019) and they
are
r
dy1
dr
=
[(
V
Γˆ1
− 3
)
1+ qWO
]
y1 +
(
W
c1ω¯2
−
V
Γˆ1
1
)
Y 2 +
αT
iω + ωD
j∗ +
V
Γˆ1
ψ
gr
, (51)
r
dY 2
dr
=
[(
c1ω¯
2 + rA+ β1
)
1− 4c1Ω¯
2
G
]
y1 +
[
(1− U − rA− β2) 1− qO
T
W
]
Y 2 +
αT
iω + ωD
j∗ + (rA+ β2)
ψ
gr
, (52)
where
y1 = (Sl), y2 =
(
p′l
ρgr
)
, Y 2 = y2 +
ψ
gr
, (53)
and
W = Λ0(L0 −M1L
−1
1 M0)
−1, O = mΛ−10 −M1L
−1
1 K, G = O
T
WO− C0L
−1
1 K, (54)
and OT is the transposed matrix of O.
To solve the sets of linear ordinary differential equations derived in §2.1 and 2.2, we use a Henyey type relaxation method,
the detail of which may be found in Unno et al (1989).
2.3 Boundary Conditions and Jump Conditions
The inner boundary conditions applied at the centre of the planet are given by
v′r = 0, v
′
θ = 0, v
′
φ = 0, (55)
for which we use z1 = z3 = z5 = 0. The outer boundary condition at the surface of the planet is given by δp = 0, for which
we use y2 − y1 = 0.
At the interface between the inviscid envelope and the viscous core, we assume the horizontal components of the stress
tensor vanish so that
σ′rθ = iωη
[∑
l
(
d
dHl
dr
+ Sl
)
∂Y ml
∂θ
+
∑
l′
r
dTl′
dr
1
sin θ
∂Y ml′
∂φ
]
= 0, (56)
σ′rφ = iωη
[∑
l
(
r
dHl
dr
+ Sl
)
1
sin θ
∂Y ml
∂φ
−
∑
l′
r
dTl′
dr
∂Y ml′
∂θ
]
= 0, (57)
which leads to
z4 = 0, z6 = 0. (58)
We also use at the interface
z1 = y1, z2 = y2. (59)
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3 NUMERICAL RESULTS
3.1 Equilibrium Models
In this paper, we use simple equilibrium models of hot Jupiters computed with the equation of state given by (see, Arras &
Socrates 2010; Auclair-Desrotour & Leconte 2018)
ρ(p) = e−p/pb
p
a2
+
(
1− e−p/pb
)√ p
Kc
, (60)
where
Kc = GR
2
J , a
2 =
√
pbKc, (61)
and pb is a pressure parameter used to define the core-envelope boundary and a is the isothermal sound velocity and RJ is
the radius of Jupiter. The models consist of a convective core and a radiative envelope, which is nearly isothermal. Assuming
Γ1 ≡ (∂ ln p/∂ ln ρ)ad = 2, we obtain a nearly isentropic convective core (e.g., Stevenson & Salpeter 1977a,b). In this paper,
we use pb = 100bar = 10
8dyn/cm2 and set the outer boundary Re at p = 0.01dyn/cm
2 and define the planet’s radius
R = Re/1.01. We use M = 0.7MJ and the radius R = 9.31 × 10
9cm. For this model, the core-envelope boundary is at
x = r/R = 0.957 corresponding to p = 1.89 × 108(dyn/cm2). For numerical computations, we assume M∗ = M⊙, R∗ = R⊙,
and T∗ = 5.8× 10
3K for the host star, and the distance between the planet and the star is assumed to be r∗ = a∗ = 0.05A.U..
Note that for the parameter values we use, we have |Ω¯orb| = 0.0537.
3.2 Core Inertial Modes
It is useful to compute inertial modes in the viscous core as eigen-modes. Inertial modes are rotationally induced oscillation
modes, for which the Coriolis force is the restoring force. There exist prograde and retrograde inertial modes and in our
convention prograde (retrograde) modes have mω < 0 (mω > 0). Note that so called r-modes form a subclass of inertial
modes and appear only on the retrograde side. The frequency ω of inertial modes and r-modes is proportional to the rotation
speed Ω and the ratio ω/Ω of an inertial mode tends to a constant value in the limit of Ω→ 0 (e.g., Yoshida & Lee 2000; see
also Lockitch & Friedman 1999). Note that for a given rotation speed Ω, the frequency ω of inertial modes is limited to the
inertial range given by |ω| 6 2Ω.
To compute eigen-modes by solving the set of linear differential equations derived in §2, we set j∗ = 0 and ψ = 0 and
introduce a normalization condition for the amplitudes. It is important to note that the frequency ω of non-radial modes
becomes complex such that ω = ωR+iωI because of radiative dissipations in the envelope and viscous dissipations in the core.
When the time dependence of the perturbations is given by the factor eiωt, the eigenmodes with ωI = Im(ω) > 0 are stable.
For modal analyses made in this paper, we use a planet model that has about 1000 mech points and the expansion length
jmax = 10 for the perturbations. We have computed free inertial modes and tidal responses also for jmax = 15 for τ∗ = 1 day
and Ek= 10−7 and found no essential differences from those for jmax = 10.
In Table 1 we tabulate the complex eigenfrequency ω¯ = ω¯R + iω¯I of m = −2 inertial modes of even parity for Ek = 10
−9,
10−7, and 10−5, where we assume τ∗ = 1 day and Ω¯ = 0.1. Here, the inertial modes are labeled as il0−|m| (see, e.g., Yoshida
& Lee (2000) for the definition of l0), and inertial modes of il0−|m| have even (odd) parity when l0 − |m| is an even (odd)
integer. We find that all the inertial modes in the table are stable. The real part of ω¯ is insensitive to the Ekman number Ek
but the imaginary part depends on Ek and in general ω¯I increases with increasing Ek.
In Fig. 1 we plot the first few expansion coefficients Sl of an m = −2 inertial mode of ω¯ ≈ 0.055, belonging to i2 in Table
1, for Ek = 10−9, 10−7, and 10−5 where we use Ω¯ = 0.1 and τ∗ = 1 day. The coefficient Sl1 , which is well confined in the
core, dominates other components and the eigenfunctions are insensitive to Ek. Although we do not show any figures for the
retrograde i2 inertial mode of ω¯ ≈ −0.11, we find quite similar properties of the expansion coefficients Sl concerning their
dependence on Ek. Fig. 2 plot the first few expansion coefficients Sl of an i4 inertial mode of ω¯ ≈ −0.086 for Ek = 10
−9,
10−7, and 10−5, where Ω¯ = 0.1 and τ∗ = 1 day. The first two expansion coefficients have dominating amplitudes, which are
well confined in the core, and the maximum amplitudes in the core increases as Ek increases.
3.3 Tidal Torques
The tidal responses are computed as forced oscillations by solving the set of inhomogeneous linear differential equations with
non-zero forcing terms ψ and j∗ and the forcing frequency ω is treated as a real quantity.
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Table 1. Complex eigenfrequency ω¯ = ω¯R + iω¯I of m = −2 inertial modes of even parity in the viscous convective core for Ω¯ = 0.1 and
τ∗ = 1day. The figures a(b) imply a × 10b.
Ek = 10−9 Ek = 10−7 Ek = 10−5
mode ω¯R ω¯I ω¯R ω¯I ω¯R ω¯I
i2 5.55(−2) 1.11(−5) 5.55(−2) 1.33(−5) 5.55(−2) 6.40(−5)
· · · −1.10(−1) 1.56(−6) −1.10(−1) 2.33(−6) −1.10(−1) 5.71(−5)
i4 1.27(−1) 1.00(−5) 1.27(−1) 2.28(−5) 1.27(−1) 1.84(−4)
· · · −1.52(−1) 1.11(−5) −1.52(−1) 2.58(−5) −1.52(−1) 2.13(−4)
· · · 2.74(−2) 6.24(−6) 2.74(−2) 2.01(−5) 2.74(−2) 2.25(−4)
· · · −8.61(−2) 3.29(−6) −8.61(−2) 2.74(−5) −8.62(−2) 2.20(−4)
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Figure 1. Expansion coefficients Re(xSl) versus x = r/R for the m = −2 prograde inertial mode i2 of ω¯ ≈ 0.055 for Ek = 10
−9, 10−7
and 10−5, from left to right panels, where we use Ω¯ = 0.1 and τ∗ = 1 day. The solid, dashed, and dotted lines are for l = 2, 4, and 6,
respectively. The normalization of the amplitudes is given by Re(Sl1 ) = 1 at the interface between the core and the envelope.
3.3.1 Calculating Tidal Torques
The tidal torque N0(m,ω) on the planet for the azimuthal wavenumber m and the forcing frequency ω may be given by
N0(m,ω) = −
1
2
∫
Re
(
∂ΦT
∂φ
ρ′∗
)
dV =
m
2
∫
Im
(
ΦT ρ
′∗) dV, (62)
where the density perturbation ρ′ represents the tidal response to the perturbing forces ΦT and ǫ
′ associated with l = n = 2
and m = −2 or m = +2.
Since ΦT given by equation (15) and ǫ
′ given by equations (18) and (19) are real quantities, in order to estimate the tidal
torques driven by ΦT and ǫ
′ we have to sum up the responses to Φ
(lm)
T and its complex conjugate (Φ
(lm)
T )
∗ for ΦT and to
J
(nlm)
∗ and its complex conjugate (J
(nlm)
∗ )
∗ for ǫ′. For given m and ω, if we let y(m,ω) ≡ (y1,Y 2) denote the responses in
the envelope to Φ
(lm)
T and J
(nlm)
∗ , the responses to the complex conjugates (Φ
(lm)
T )
∗ and (J
(nlm)
∗ )
∗ may be given by y∗(m,ω).
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Figure 2. Same as Fig.1 but for a retrograde i4 inertial mode of ω¯ ≈ −0.086.
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Figure 3. Tidal torques N in ergs versus the forcing frequency ω/σ0 in the co-rotating frame for τ∗ = 10 day, 1 day, and 0.1 day, from
left to right panels, where Ek = 10−7 and Ω¯ = 0.1 are assumed and the red (black) lines indicate positive (negative) parts of the torque
N .
Figure 4. Same as Fig.3 but for Ek= 10−9.
Using the relations given by β1(−ω) = (β1(ω))
∗, β2(−ω) = (β2(ω))
∗, and Γˆ1(−ω) = (Γˆ1(ω))
∗, we find
y
∗(m,ω) = y(−m,−ω), (63)
which leads to
N ≡ N0(m,ω) +N0(−m,−ω) = 2N0(m,ω), (64)
since ρ′∗(−m,−ω) = ρ′(m,ω) and hence−mIm[ρ′∗(−m,−ω)] = mIm[ρ′∗(m,ω)]. Similarly, for the responses zα = (z1,Z2,z3,z6)
and zβ = (z4,z5) in the convective core, we find
z
∗
α(m,ω) = zα(−m,−ω), z
∗
β(m,ω) = −zβ(−m,−ω), (65)
and
N ≡ N0(m,ω) +N0(−m,−ω) = 2N0(m,ω). (66)
Since τ∗ represents the heat exchange timescale between the gas elements in the envelope, radiative cooling becomes less
efficient as τ∗ increases and the responses in the envelope are governed by δs→ ǫ
′/(iωT ) as τ∗ →∞. In the core, ǫ
′ ≈ 0 and
the responses tend to be adiabatic as τ∗ →∞. On the other hand, as τ∗ decreases, radiative cooling becomes efficient in the
envelope and the responses tend to be isothermal, that is, T ′ → 0 as τ∗ → 0.
3.3.2 Tidal Torque versus the Forcing Frequency ω for constant Ω
Fig. 3 plots the tidal torque N as a function of the forcing frequency ω¯ for τ∗ = 10 day, 1 day, and 0.1 day where we use
Ek = 10−7 and Ω¯ = 0.1 and the red (black) lines indicate positive (negative) parts of the torque N . In our convection, positive
(negative) ω¯ corresponds to the prograde (retrograde) forcing in the co-rotating frame of the planet for m < 0 and Ω¯ > 0. To
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Figure 5. Same as Fig.3 but for Ek= 10−5.
attain synchronization between the orbital motion and spin of the planets, the tidal torques N need to be positive (negative)
for prograde (retrograde) forcing. As computed by Lee & Murakami (2019) for the same hot Jupiter models, g-modes in the
envelope have frequencies |ω¯| . 0.1 for Ω¯ = 0.1 and τ∗ = 1 day. Frequency resonances of the tidal forcing with the envelope
g-modes produce broad resonance peaks of N , which are disturbed by many sharp peaks produced by resonance with core
inertial modes. For Ω¯ = 0.1, core inertial modes appear in the inertial range |ω¯| 6 2Ω¯ = 0.2. As a result of resonance between
the forcing ω¯ and inertial modes in the core, there appear prominent peaks of N at the forcing frequencies corresponding to
the i2 and i4 inertial modes tabulated in Table 1. For Ek = 10
−7, the most prominent peak of N is due to the resonance
with the prograde i2 inertial mode of ω¯ ≈ 0.055 (see Table 1), and the resonances with the retrograde i2 inertial mode of
ω¯ ≈ −0.11 and with the i4 inertial modes also produce very high peaks of N . In addition to these prominent resonance peaks,
there appear numerous minor peaks produced by resonance with inertial modes in with n > 6. Inertial modes in with large n
in general have very short wave lengths in the core. It is interesting to note that the sign of the peaks of N produced by the
i2 inertial modes is negative and that by the i4 modes is positive, irrespective of τ∗. Since the resonance with the prograde
i2 mode produces a negative peak of N , we may suggest a possibility that if the tidal forcing gets into resonance with the
prograde i2 inertial mode, the negative N in the resonance will hamper the process of synchronization between the orbital
motion and spin of the planets.
In the low frequency region |ω¯| & 0.2 for Ω¯ = 0.1, no resonance features associated with inertial modes appear as shown
by Fig. 3. This figure also shows that the sign of N outside this inertial range depends on τ∗. For τ∗ & 1 day, N is negative
on the retrograde side and it is positive on the prograde side, suggesting that the tidal forcing contributes to synchronization
between the orbital motion and spin of the planets. For τ∗ . 0.1 day, however, N is positive on the retrograde side and
negative on the prograde side. This dependence of N on τ∗ may suggest that dissipative contributions from the viscous core
to N are comparable to or smaller than thermal contributions from the radiative envelope for Ek ∼ 10−7.
Similar dependence of N outside the inertial range on τ∗ is found for Ek = 10
−9 as shown by Fig. 4. We may also find
that gross properties of N in the inertial range for Ek = 10−9 are quite similar to those for Ek = 10−7, suggesting that
thermal contributions from the radiative envelope are dominating to determine N if Ek is small enough.
If Ek is large enough, on the other hand, N outside the inertial range is always negative on the retrograde side and
positive on the prograde side as shown by Fig. 5 for Ek= 10−5 and its magnitude is proportional to Ek as suggested by
comparing N ’s at ω¯ = 0.4 in Figs. 3 and 5 for τ∗ & 1 day. We also note that as Ek increases, the number of high resonance
peaks that appear in the inertial range decrease. This is because ω¯I of free inertial modes in the core increases with increasing
Ek and the widths of the resonance peaks due to the inertial modes will widen. If ω¯I becomes comparable to |ω¯R|, the peaks
will be smoothed out.
For hot Jupiters rapidly rotating at Ω¯ = 0.4, for example, the inertial range of the forcing frequency extends to |ω¯| 6 0.8.
In Fig. 6, we plot the tidal torque N for Ω¯ = 0.4 as a function of ω¯ for Ek = 10−9, 10−7, and 10−5 where we use τ∗ = 1
day. We find numerous resonance peaks of N due to the core inertial modes, particularly for Ek= 10−9. The high peaks are
produced by resonance with the i2 and i4 inertial modes and the signs of the i2 peaks are negative and those of the i4 peaks
are positive, which is the same as the result obtained for Ω¯ = 0.1.
3.3.3 Tidal Torque versus the Forcing Period τtide for constant Ωorb
Assuming that the spin frequency Ω of the planet changes with the forcing period τtide ≡ 2π/ω for given Ωorb, that is,
Ω = Ωorb − π/τtide, (67)
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Figure 6. Tidal torque N versus the forcing frequency ω¯ for EK= 10−9, 10−7, and 10−5, from left to right panels, where we assume
Ω¯ = 0.4 and τ∗ = 1 day.
we calculate the tidal torques as a function of τtide for Ω¯orb = ±0.0537 for the forcing period ranging from 0.1 day to 100
day. Fig. 7 plots the rotation frequency Ω¯ (left panel) and the spin parameter 2Ω/ω (right panel) versus τtide where the
dotted and the dashed lines in the panels are for Ω¯orb = 0.0537 and Ω¯orb = −0.0537, respectively. At the forcing period
τtide ∼ 0.1 day, the forcing frequency is ω¯ ∼ 2, which is close to the frequencies of low radial order p-modes of the planets,
and the rotation frequency is Ω¯ ∼ 1, that is, almost the break-up velocity of the planets. For Ω¯orb = ±0.0537, Ω¯ is negative
at τtide ∼ 0.1 day and monotonously increases with increasing τtide. As τtide increases, Ω¯ stays negative for Ω¯orb = −0.0537,
but for Ω¯orb = 0.0537, Ω¯ vanishes at τtide ≈ 2 day and changes its sign from being negative to positive. The forcing period
τtide is in the inertial range when τtide & 4 day for Ω¯orb = 0.0537 and τtide & 0.1 day for Ω¯orb = −0.0537.
Fig. 8 plots N versus τtide for Ω¯orb = 0.0537 (left panel) and for Ω¯orb = −0.0537 (right panel) where τ∗ = 1 day and
Ek = 10−5 are assumed and the red (black) lines indicate positive (negative) N . Note that for Ω¯orb > 0, positive (negative)
N induces synchronization (asynchronization) between the orbital motion and spin of the planets and vice versa for Ω¯orb < 0.
In Fig. 8, we find a series of sharp peaks of N caused by resonance with the core inertial modes. For Ω¯orb = 0.0537, the
most prominent peak of N occurs at the ratio ω/Ω ≈ 0.556 (τtide ≈ 9.38 day), which corresponds to the prograde i2 inertial
mode, and the second most prominent ones occur at ω/Ω ≈ 0.274 (τtide ≈ 17.0 day) and ω/Ω ≈ 1.27 (τtide ≈ 5.25 day),
corresponding to the prograde i4 inertial modes (see Table 1). The third peak in the series occurs at ω/Ω ≈ 0.163 (τtide ≈ 27.1
day), which may belong to i6 inertial modes. For Ω¯orb = −0.0537, on the other hand, the most prominent peak occurs at
ω/Ω ≈ −1.10 (τtide ≈ 1.68 day), corresponding to the retrograde i2 inertial mode and the second most prominent ones at
ω/Ω ≈ −0.862 (τtide ≈ 2.69 day) and at ω/Ω ≈ −1.52 (τtide ≈ 0.653 day), which are the retrograde i4 inertial modes (see
Table 1). For Ω¯orb = 0.0537, N is negative when τtide ∼ 100 day, and this suggests that the tide may hamper the process of
synchronization when the system is close to complete synchronization.
For Ω¯orb < 0, the forcing of τtide > 0 is retrograde forcing and can tidally excite r-modes when τtide & 10 day, corresponding
to ω¯ ≈ 2mΩ¯/l′(l′ + 1) ∼ −Ω¯/3. Since the r-modes of even parity propagate in the envelope in which radiative dissipation is
significant, the resonance produces broad peaks of N as a function of τtide as shown by the right panel of Fig. 8. The resonance
peaks due to the r-modes found in this paper, however, do not necessarily stand out clearly compared to those computed by
Lee & Murakami (2019), who considered only thermal tides in the envelope.
Fig. 9 plots N versus τtide for Ek = 10
−7. We find that the widths of the resonance peaks due to the i2 and i4 inertial
modes are narrower than those for Ek = 10−5. We also find that the number of minor resonance peaks that appear in the
inertial range is larger. However, the gross properties of N as a function of τtide are quite similar between the two cases.
3.3.4 Tidal Torque in the Interior
Defining N r(m,ω) as
N r(m,ω) = m
∫ r
0
Im
(∫
ΦT ρ
′∗ sin θdθdφ
)
r2dr, (68)
we plot N r as a function of the gas pressure p in Fig. 10 for the forcing frequencies in resonance with the i2 (left panel) and
i4 (right panel) inertial modes in the core. At resonances with the core inertial modes, the amplitudes of the tidal responses
are well confined in the core, and thermal effects in the envelope have negligible contributions to N , except for those from the
regions around the core-envelope boundary. As the figure shows, viscous dissipation in the core has dominating effects on the
tidal torques and N r at the surface is negative for the i2 inertial modes and positive for the i4 inertial modes. If the forcing is
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Figure 7. Angular rotation speed Ω¯ (left panel) and the spin parameter 2Ω/ω (right panel) as a function of the forcing period τtide in
day, where the dotted lines and dashed lines are for Ω¯orb = 0.0537 and Ω¯orb = −0.0537, respectively.
Figure 8. Tidal torque N versus the tidal period τtide = 2pi/ω for Ω¯orb = 0.0537 (left panel) and for Ω¯orb = −0.0537 (right panel)
where τ∗ = 1 day and Ek = 10−5 are assumed.
off resonance, N r at the surface may be determined by the sum of contributions from the viscous core and radiative envelope
as suggested by Fig. 11, which plots N r at the forcing frequency ω¯ = ±0.4 for several combinations of (τ∗,Ek). For Ek= 10
−5
and τ∗ = 1 day (panel a), the viscous contributions from the core dominates thermal contributions from the envelope and
hence N r at the surface is positive (negative) for prograde (retrograde) forcing, meaning that the tides drive the spin of the
planets to synchronize with the orbital motion. This is still the case for Ek= 10−7 and τ∗ = 1 day (panel b), although the
viscous contributions from the core are not necessarily dominating. For Ek= 10−7 and τ∗ = 0.1 day (panel c), however, the
tidal responses in the outer envelope are strongly non-adiabatic so that the changes in N r there are smaller than those at the
bottom of the envelope and N r at the surface becomes negative (positive) for prograde (retrograde) forcing.
4 CONCLUSIONS
We have computed small amplitude gravitational and thermal tides in uniformly rotating hot Jupiters, composed of a thin
radiative envelope and a nearly isentropic convective core. In our numerical analyses, we took account of the effects of radiative
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Figure 9. Same as Fig. 8 but for Ek = 10−7.
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Figure 10. N r as a function of the gas pressure p at the resonance with the i2 (left panel) and i4 (right panel) inertial modes where we
assume Ω¯ = 0.1, τ∗ = 1 day, and Ek= 10−5. The numbers in the insets indicate the normalized forcing frequency ω¯.
dissipation in the envelope and viscous dissipation in the core on the tidal responses. We used the approximation in which the
radiative dissipation is given by ∇·F ′ ∼ ρcpT
′/τ∗, where τ∗ is a parameter for thermal heat exchange timescale. Treating the
convective fluids as viscous ones, we solved linearized Navier-Stokes equation to obtain tidal responses of the core, where the
Ekman number Ek is assumed as a constant parameter for the viscosity coefficient in the rotating planets. We matched tidal
responses in the viscous core and in the radiative envelope at the core-envelope boundary with appropriate jump conditions
to obtain a complete response.
We computed tidal torques N for rotating hot Jupiters. Since the convective core is nearly isentropic and supports
propagation of inertial modes, the behavior of the tidal responses depends on weather the tidal forcing ω is in the inertial
range or not, where the inertial range is defined as |ω/Ω| 6 2 for a given rotation rate Ω. For the tidal forcing outside the
inertial range, we found that the effects of viscous dissipations in the core are not always dominating when Ek . 10−7 in the
sense that viscous contributions to N in the core are comparable to or smaller than thermal contributions in the radiative
envelope. In this case, the sign of N outside the inertial range is dependent on τ∗ in the envelope. However, for Ek & 10
−7, the
sign of N does not depend on τ∗ and is positive (negative) for prograde (retrograde) forcing and the tides drive the planets to
synchronization between the spin and orbital motion. On the other hand, when the forcing ω is in the inertial range, frequency
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Figure 11. N r as a function of the gas pressure p for the forcing frequencies ω¯ = 0.4 (solid lines) and ω¯ = −0.4 (dashed lines), where
(τ∗,Ek) = (1, 10−5) for panel (a), (1, 10−7) for panel (b), and (0.1, 10−7) for panel (c).
resonance between the forcing ω and inertial modes plays a significant role to determine N . If the tidal forcing is in resonance
with low order inertial modes such as i2 and i4, we obtain very high resonance peaks of N . We found that N in the resonance
peaks is negative (positive) for the i2 (i4) inertial modes, and that the signs do not depend on parameter values of Ek and
τ∗. As Ek decreases, however, frequency resonances with inertial modes in with large n’s will be important to determine N
in the frequency regions between i2 and i4 inertial modes.
Using the tidal quality factor Q, the tidal torque due to equilibrium gravitational tides may be estimated as (e.g., Goldreich
& Soter 1966)
Neq =
3GM2∗R
5
2a6∗
1
Q
, (69)
which is written as Neq = 1.6× 10
38/Q for the parameter values used in this paper. We note that |N | discussed in this paper
strongly depends on the forcing frequency ω. If the forcing is outside the inertial range, |N | is nearly proportional to Ek when
Ek & 10−7 and is of order of 1031 at |ω¯| ∼ 0.4 for Ek= 10−7. This value of N ∼ 1031 for Ek= 10−7 may correspond to
Q ∼ 107, which is much larger than Q ∼ 105 estimated for Jovian planets (e.g., Goldreich & Soter 1966). If the forcing is in
the inertial range, on the other hand, it is difficult to define a mean value of |N | because numerous resonance peaks appear.
If we ignore these resonance peaks due to inertial modes, a mean value of |N | in the inertial range may be determined by the
thermal property and resonant g-modes in the envelope, particularly for Ek . 10−7.
It is interesting to compare the results obtained in this paper to those of previous investigations. Savonije & Papaloizou
(1997), for example, computed fully non-adiabatic tidal responses of a uniformly rotating 20M⊙ main sequence star to low
frequency tidal forcing, treating the fluid in the convective core as a viscous fluid. They used a two dimensional difference code
to compute oscillations of rotating stars. The boundary conditions they used are similar to those used in this paper, except for
jump conditions at the core-envelope boundary. They found that the spin-up or spin-down timescale, which is closely related
to the tidal torque, strongly depends on the forcing frequency and shows clear features characteristic to resonance with low
frequency oscillation modes such as g-modes and r-modes in the envelope. They also showed an example of tidal responses
for which the forcing at ω/Ω ≈ 0.37 is in resonance with an inertial mode in the core. We find that the responses such as
ξr in their paper for the inertial mode are quite similar to the expansion coefficient xSl1 of the i2 mode of ω/Ω ≈ 0.55. The
difference in the location ω/Ω of the inertial mode may be due to the difference in the structure of the convective core. The
structure of the core of a massive main sequence star is significantly different from that of a polytrope of the index n = 1.
Another example may be given by Ogilvie & Lin (2004), who computed tidal responses of rotating giant planets, composed of
a solid core, a thick convective shell and a thin radiative envelope. They treated the convective fluid in the shell as a viscous
fluid, for which the Ekman number is introduced as a constant parameter for the viscous coefficient. As a function of the
forcing frequency, they computed the amount of viscous dissipations in the shell and of energy leakage from the envelope
treating the responses in the envelope as traveling waves, instead of estimating thermal responses there. To represents tidal
responses of rotating planets, they expanded the perturbations using associated Legendre functions and derived a set of linear
ordinary differential equations for the expansion coefficients, which they integrated using mainly a Chebyshev pseudospectral
approach. The set of linear differential equations should be almost the same as the set of equations solved in this paper for
the viscous fluids, except that we include the effects of radiative dissipations on the responses. As a function of the forcing
frequency, they found in the viscous dissipation rates in the inertial range clear resonance peaks due to the i2 inertial modes
and that the number of minor resonance peaks increases with decreasing Ek, which results are quite similar to those obtained
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in this paper. Probably, the frequency spectrum of inertial modes they obtained is not necessarily the same as the spectrum
discussed in this paper because they assumed the presence of a solid core.
In a series of papers, Witte & Savonije (1999, 2001, 2002) proposed a mechanism of locking the tidal forcing in a state
close to resonance with a low frequency oscillation mode of rotating stars in a binary system, expecting that if the tidal
locking lasts for a long period, the tides due to the resonance state would strongly affect tidal evolution of the binary system.
They argued that if the eccentricity of the binary orbit is large enough there appears many possible forcing frequencies nΩorb
with integers n and hence prograde and retrograde forcings in the co-rotating frame of the star and that if one of the forcing
frequencies is close to resonance state with an oscillation mode, there occurs a balance between the prograde and retrograde
forcings and the forcings would be locked in that balance state. As another tidal locking mechanism, we suggested in this
paper that, if neighboring resonance peaks of the tidal torque due to core inertial modes have alternatively different signs
as a function of the forcing frequency or period, the process of synchronization would be hampered and the forcing would
be trapped between the two resonance peaks of different signs. As a possible example for this mechanism, we suggested that
since the sign of the resonance peak due to the prograde i2 inertial mode is negative and opposite to those of the neighboring
peaks due to i4 inertial modes, the tidal forcing would be trapped between the resonance peaks due to the prograde i2 and
i4 inertial modes.
In this paper, we use the turbulent viscosity νturb for the viscosity coefficient and estimate Ekman number to be Ek∼ 10
−7
in the convective core, using the values of vc and lm expected for Jupiter. However, Goldreich & Nicholson (1977) argued
that if the tidal forcing period τT is shorter than the convective turnover timescale τc, the turbulent viscosity coefficient νturb
should be reduced by a factor (τT /τc)
2. If this is the case, the reduction factor will be of order of 10−6 for a forcing frequency
ω¯ ∼ 0.1 since we find τc ∼ 3 year deep in the convective core from Guillot et al (2004) for Jupiter and τT ∼ 5×10
−3 year for a
Jovian planet. This reduction factor reduces Ek∼ 10−7 used as the standard value in this paper to Ek∼ 10−13. If Ek∼ 10−13
is assumed for the entire convective core, the viscous contributions to the tidal torque will be negligible compared to the
contributions from the radiative envelope in which radiative dissipations play the dominant role as suggested by Fig. 11.
The results obtained in this paper depend on approximations we made to compute tidal responses. The thermal properties
of radiative envelope depend on the parameter τ∗ and the nature of viscous dissipations in the core on prescriptions we employ
for the viscous coefficients. It is desirable to use more realistic hot Jupiters models obtained from evolution calculations of
irradiated Jovian planets with appropriate equations of state and opacities, which makes it possible for us to carry out fully
non-adiabatic computations of tidal oscillations. Although we assumed constant Ekman numbers for the viscosity coefficients
in rotating Jovian planets, it will be useful to try different prescriptions for viscosity coefficients to compute dissipative tidal
responses. We note that the frequency spectrum of inertial modes discussed in this paper would be significantly modified if
a solid core exists in the deep interior (e.g., Ogilvie & Lin 2004). Although we assumed e = 0 for the tidal calculations, we
need to extend our computation to the cases of e 6= 0 (e.g, Witte & Savonije 2001) to investigate the roles of tidal interactions
played in the scenario of high-eccentricity migration of Jovian planets (e.g., Dawson & Johnson 2018). Discussions concerning
non-linearity of the responses are definitely necessary to obtain reliable conclusions.
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APPENDIX A: DERIVATION OF THE OSCILLATION EQUATIONS FOR VISCOUS CORE
In this appendix, we show some details of derivation of the oscillation equations for the viscous core. The three components
of the perturbed equation of motion (22) may be given by
−ρω2ξr − 2iωΩρξφ sin θ = −
∂p′
∂r
− ρ′
dΦ
dr
− ρ
∂ΦT
∂r
+
1
r2
∂
∂r
r2σ′rr +
1
r sin θ
∂
∂θ
sin θσ′rθ +
1
r sin θ
∂
∂φ
σ′rφ −
σ′θθ + σ
′
φφ
r
, (A1)
−ω2ρξθ − 2iωΩξφ cos θ = −
1
r
∂p′
∂θ
− ρ
1
r
∂ΦT
∂θ
+
1
r2
∂
∂r
r2σ′rθ +
1
r sin θ
∂
∂θ
sin θσ′θθ +
1
r sin θ
∂
∂φ
σ′θφ +
σ′rθ
r
−
σ′φφ
r
cot θ, (A2)
−ω2ρξφ + 2iωΩρ (ξθ cos θ + ξr sin θ) = −
1
r sin θ
∂p′
∂φ
− ρ
1
r sin θ
∂ΦT
∂φ
+
1
r2
∂
∂r
r2σ′rφ +
1
r sin θ
∂
∂θ
sin θσ′θφ
+
1
r sin θ
∂
∂φ
σ′φφ +
σ′rφ
r
+
σ′φθ
r
cot θ, (A3)
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where σ′ij may be obtained by replacing v in equations (6) to (11) with v
′ = iωξ. Substituting the expansions given by (32),
(33), (34), and (35), we obtain the radial component of the equation of motion (A1) given as
−c1ω¯
2
∑
l
SlY
m
l − 2ic1ω¯Ω¯
(∑
l
imHlY
m
l −
∑
l′
Tl′ sin θ
∂
∂θ
Y ml′
)
=
∑
l
Pl
ρg
Y ml , (A4)
where
Pl = −ρgr
∂
∂r
Z2,l − ρg
d ln ρgr
d ln r
Z2,l + ρg
ΦT,l
gr
d ln ρ
d ln r
− ρg
ρ′l
ρ
+
2iωη
r
(
2r
∂Sl
∂r
+ΛlHl
)
−
iωη
r
ΛlSl −
iωη
r
Λlr
∂Hl
∂r
, (A5)
Z2,l = z2,l +
ΦlT
gr
, (A6)
where the variable z2,l is defined as
z2,l =
p′l
ρgr
−
p
ρgr
[(
ζ
p
−
2
3
η
p
)(
1
r2
∂
∂r
r3iωSl − iωΛlHl
)
+ 2
η
p
∂
∂r
iωrSl
]
, (A7)
and Λl = l(l + 1) and g = GMr/r
2 with Mr =
∫ r
0
4πr2ρdr. Similarly, substituting the expansions into equations (A2) and
(A3), we obtain
−ω2ρξθ − 2iωΩρξφ cos θ =
∑
l
Ql
∂
∂θ
Y ml (θ, φ) +
∑
l′
Rl′
1
sin θ
∂
∂φ
Y ml′ (θ, φ), (A8)
−ω2ρξφ + 2iωΩρ (ξθ cos θ + ξr sin θ) =
∑
l
Ql
1
sin θ
∂
∂φ
Y ml (θ, φ)−
∑
l′
Rl′
∂
∂θ
Y ml′ (θ, φ), (A9)
where
Ql = −ρgr
Z2,l
r
− 2
iωη
r
r
∂
∂r
Sl +
1
r3
∂
∂r
[
r4
iωη
r
(
r
∂
∂r
Hl + Sl
)]
− 2
iωη
r
ΛlHl + 2
iωη
r
Hl, (A10)
Rl′ =
1
r3
∂
∂r
(
r4
iωη
r
r
∂
∂r
Tl′
)
−
iωη
r
Λl′Tl′ + 2
iωη
r
Tl′ . (A11)
It is convenient to use the divergence given by sin−1 θ∂θ sin θ(eq. A8) + sin
−1 θ∂φ(eq. A9) and the radial component of curl,
that is, sin−1 θ∂θ sin θ(eq. A9)− sin
−1 θ∂φ(eq. A8), which reduce to
c1ω¯
2
∑
l
ΛlHlY
m
l − 2ic1ω¯Ω¯
∑
l′
Λl′Tl′ cos θY
m
l′ + 2ic1ω¯Ω¯
(∑
l
imHlY
m
l −
∑
l′
Tl′ sin θ∂θY
m
l′
)
−2mc1ω¯Ω¯
∑
l
SlY
m
l = −
∑
l
Λl
Ql
ρg
Y ml , (A12)
and
c1ω¯
2
∑
l′
Λl′Tl′Y
m
l′ + 2ic1ω¯Ω¯
∑
l
ΛlHl cos θY
m
l + 2ic1ω¯Ω¯
(∑
l
Hl sin θ∂θY
m
l +
∑
l′
miTl′Yl′
)
−2ic1ω¯Ω¯
∑
l
(Sl sin θ∂θY
m
l + 2 cos θSlY
m
l ) =
∑
l′
Λl′
Rl′
ρg
Y ml′ , (A13)
where ∂θ = ∂/∂θ and ∂φ = ∂/∂φ.
Since we use as an independent variable the variable z2,l instead of p
′
l/ρgr, we have to represent ρ
′
l/ρ in terms of z2,l.
Making use of equation (A7), we obtain for the density perturbation ρ′l
ρ′l
ρ
=
(
−rA− β1 + i
3α2
Γˆ1
)
Sl +
V
Γˆ1
z2,l + i
2α1/3− α2
Γˆ1
ΛlHl + i
4α1/3 + α2
Γˆ1
r
∂Sl
∂r
−
αT
iω + ωD
ǫ′l
Tcp
. (A14)
Eliminating ρ′l from the linearized continuity equation given by
ρ′l +
1
r2
∂
∂r
r3ρSl − ρΛlHl = 0, (A15)
we obtain(
1 + i
α2 + 4α1/3
Γˆ1
)
r
∂
∂r
Sl =
(
V
Γˆ1
− 3− 3i
α2
Γˆ1
)
Sl −
V
Γˆ1
z2,l +
(
1 + i
α2 − 2α1/3
Γˆ1
)
ΛlHl +
αT
iω + ωD
ǫ′l
Tcp
. (A16)
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We derive the oscillation equations given in §2.2.2 for the viscous core from equations (A16), (A4), (A12), and (A13),
making use of the relations given by
sin θ
∂Y ml
∂θ
= lJml+1Y
m
l+1 − (l + 1)J
m
l Y
m
l−1, (A17)
cos θY ml = J
m
l+1Y
m
l+1 + J
m
l Y
m
l−1. (A18)
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